We present an algorithm for simulating acoustic scattering by multiple three dimensional sound-hard, sound-soft, or absorbing impenetrable particles. We demonstrate the high order accuracy of the algorithm by simulating multiple scattering at a range of frequencies. The high order multiple acoustic scattering algorithm in this work facilitates understanding of the interactions of acoustic waves scattered by multiple convex and non-convex bodies.
Introduction
Collections of three dimensional impenetrable particles propagate acoustic waves in complex ways, with significant multiple scattering effects between the obstacles, especially when the obstacles are closely spaced. Simulations of multiple acoustic scattering are important for many applications and are computationally challenging in three dimensions. In this work we present an efficient algorithm for time harmonic multiple acoustic scattering by an ensemble D 1 , D 2 , . . . , D J of sound-soft, sound-hard, or absorbing obstacles.
The time harmonic acoustic field u scattered in a homogeneous medium by the impenetrable three dimensional obstacles D 1 , D 2 , . . . , D J satisfies the Helmholtz equation [3, Page 2] 
where k = 2π/λ is the wavenumber and λ the wavelength, and the Sommerfeld radiation condition (that guarantees the outgoing nature of the waves)
C33
where the limit holds uniformly in all directionsx = x/|x|. The scattered field u, which comprises exterior fields u j scattered by each obstacle D j , with
is induced by an incident field u inc in a way determined by the scattering properties of the surfaces ∂D j of the scatterers D j for j = 1, . . . , J .
In the case of scattering by single obstacles (that is, when J = 1), the boundary condition for solving the exterior Helmholtz equation is determined by the way the scattered velocity field (or its normal derivative) interacts with the incident field on the surface of the obstacle. There are three main classes of sound property for impenetrable obstacles, known as sound-soft, sound-hard, or absorbing [3, Page 2], which lead to three distinct boundary condition operators (Dirichlet, Neumann, or Robin/mixed), defined by
where v is a function defined on the surface of the obstacles and n is the unit outward normal to the surface. Here µ is a positive constant parameter determined by the absorbing material properties of the obstacle. In particular, the boundary condition for a single impenetrable obstacle scattering is Bw = 0 [3, Page 2], where B is B soft , B hard or B abs and w is the total field (that is, the sum of the incident and scattered fields).
In the case of multiple obstacle scattering, interactions between the obstacles lead to complicated boundary conditions due to the addition of components scattered by the other obstacles to the field incident on each obstacle. Using the single obstacle scattering boundary conditions, we derive that the C34 field u j scattered by the jth particle satisfies the boundary condition
For multiple scattering the surface normal n in the boundary condition operators should be replaced by n j on the surface ∂D j for j = 1, . . . , J .
The recent book by Martin [6] describes the mathematics of multiple scattering with extensive references to numerical methods for multiple scattering problems. More recent numerical methods for multiple acoustic scattering are in the 2008 paper by Antonie et al. [1] and references therein. These numerical methods and the references cited therein are restricted to scattering by convex sound-soft obstacles. To our knowledge, this is the first work to give an algorithm and simulation results for three dimensional multiple acoustic scattering in configurations that include nearby and well separated convex and non-convex sound-soft, sound-hard, and absorbing deterministic and stochastic particles.
The outline of this paper is as follows. The next section considers the reformulations of the exterior Helmholtz problem as J coupled surface integral equations. Section 3 describes a direct and an iterative fully discrete numerical scheme based on efficient single obstacle acoustic scattering algorithms. We demonstrate these approaches using the single obstacle high order algorithm of Ganesh and Graham [4] for various three dimensional particles with deterministic and stochastic descriptions.
Coupled surface integral reformulations
For scattering by multiple sound-soft particles, we represent the unique exterior radiating solution u of the Helmholtz equation (1), with Dirichlet bound-C35 ary condition, as
where Φ(x, y) = e ik|x−y| /(4π|x − y|) is a free space Green's function, and the unknown surface densities v j for j = 1, . . . , J are the solution of the system
and K j j and S j j are the acoustic double and single layer operators corresponding to particles j and j , defined for x ∈ ∂D j by
The unique solution of (5) is guaranteed for all frequencies if γ > 0 .
For scattering by an ensemble of absorbing (or sound-hard when µ = 0) scatterers we represent the unique radiating exterior solution u of the Helmholtz equation (1), with mixed or Neumann boundary condition (using
where the unknown surface densities v j are the solutions of the system
C36 for x ∈ ∂D j and j = 1, . . . , J . For the unique solvability of (6), we assume that k is not a (physically meaningless) interior Dirichlet Helmholtz eigenvalue.
Fully discrete algorithms
We write the integral equations (5) and (6) in the general form
where the h j are known functions derived from u inc via the boundary conditions and each M j j is one of the weakly singular surface integral operators
We now describe two methods to solve the system of surface integral equations (7) . These methods are independent of the discretisation used to solve the integral equations. For each fixed j = 1, . . . , J , equation (7) is a single obstacle acoustic scattering problem with a modified right-hand side, and hence we may apply any of the efficient discretisation algorithms to discretise the weakly singular operators after projecting the unknown densities in an appropriate approximation space of, say, dimension N.
Direct approach
The first method that we use for solving (7) is to discretise directly. Discretising (7) leads to the linear system
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where h j for j = 1, . . . , J are known vectors arising from projecting the known source terms h j in (7) onto the approximation space, M j j for j, j = 1, . . . , J are known N × N matrices obtained by discretising the surface integral terms M j j v j , and for each fixed j = 1, . . . , J , the unknown N dimensional vectors v j (giving linear combination coefficients of the approximate surface densities) must be computed. For simplicity, we assume that a fully discrete Galerkin scheme with an orthonormal basis (and quadrature that integrates the product of any two orthonormal basis functions exactly) has been used, so that discretising the first term in (7) yields the identity matrix in (8) . In block matrix form (8) is
The direct approach is applicable for both nearby and well separated obstacles and is efficient in case of orientation changes (or several incident waves), provided that the chosen computing environment allows assembly and storage of the JN × JN matrix. Standard boundary element based algorithms require N to be of the order hundreds of thousands to millions for low to medium frequency acoustic scattering in three dimensions, see for example details and references given by Ganesh and Graham [4] . Hence for such low order algorithms, the direct approach is prohibitively expensive. However, the high order algorithm by Ganesh and Graham [4] requires only about 2 to 10% of the unknowns used in standard algorithms and has been demonstrated to be very efficient. Hence the single obstacle scattering algorithm [4] is well suited for the direct approach discretisation of the multiple scattering problem, when the number of particles J is moderate. In some of our computations we avoid the direct approach by using the iterative boundary decomposition technique for well separated obstacles, by solving several N dimensional systems. However, the boundary decomposition iterates diverge for narrowly separated particles. 
Boundary decomposition method
Using (7), and corresponding to the decomposed boundary condition (4),
Here each v j is the solution of a single obstacle scattering problem with a modified incident field involving the scattered fields from the other obstacles. These scattered fields are not known but we compute these iteratively and Balabane [2] proved that the sequence
converges provided the obstacles are sufficiently far apart, where
for j = 1, . . . , J . The advantage of this iterative method of solution is that only single obstacle scattering problems must be solved, leading to a reduction in complexity and memory requirements. Discretising as in the previous section leads to vectors
for j = 1, . . . , J . The partial sums of (10) are the iterates obtained when solving (9) using the Jacobi method, leading to equivalence with the boundary decomposition method. Physically, v (m) j is the field scattered by obstacle j induced by incident waves that have undergone m reflections.
To implement the Jacobi method, only the J block matrices on the diagonal, each with dimension only N × N , must be inverted. In contrast, C39 in the direct approach a JN × JN matrix must be inverted. Because the diagonal blocks are invariant with respect to changes in the location of the obstacles, simulations for many different configurations can be performed with high order algorithms that allow storing the lu factorisations of these blocks, leading to substantially reduced cpu times.
Numerical experiments
In our numerical experiments we discretise using the high order fully discrete single obstacle acoustic scattering algorithm of Ganesh and Graham [4] . The dimension of each block in the block matrix is N = (n + 1) 2 where n is the order of the spectral basis used. As demonstrated in this section for medium frequency multiple scattering by sound-soft, sound-hard, and absorbing particles, it is sufficient that n ∈ [60, 135], depending on the shape and the roughness of the non-convex obstacles with ka = 100 , where ka is the acoustic size with a being the physical diameter of each obstacle in a chosen configuration and k as in (1) . With d being the smallest physical distance between the centres of any two particle in the configuration, we say that the configuration has closely located particles, relative to the frequency, if 0 < k(d − a) ≤ 15, and well separated particles if k(d − a) > 15 . Since the boundary decomposition approach failed to converge for several closely located configurations, in our simulations we used both the direct and iterative approaches. This highlights the importance of developing high order multiple scattering algorithms, requiring fewer unknowns.
We demonstrate the accuracy of our algorithm by simulating the acoustic cross section (acs),
computed from the multiple scattered field u n . In (11), the unit vectorŝ x andd are respectively the observation and incident directions, and for We demonstrate the convergence of our algorithm by tabulating the approximate backscattered acs σ Tables 1-3 by the increasing number of matching digits in acs values for small increases in n.
The benchmark non-convex multiple obstacles considered in this work are sound-soft, sound-hard, and absorbing beehive shaped obstacles and well known computer models of erythrocytes and random ice crystals. The model erythrocyte (or red blood cells [8] ), and hive have concave regions and so are considered difficult obstacles for multiple scattering simulations. In our ice crystal experiments we use several different model ice crystals generated using a stochastic model [7] , based on images measured by a cloud particle imager instrument. Some of these models are illustrated in Figure 1 and 2.
Further simulation results, obtained using the high order direct and boundary decomposition three dimensional multiple acoustic scattering algorithms, are in a technical report by the authors [5] .
